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Abstract. We study formation and evolution of solitons within a model with two real scalar
fields with the potential having a saddle point. The set of these configurations can be split
into disjoint equivalence classes. We give a simple expression for the winding number of an
arbitrary closed loop in the field space and discuss the evolution scenarios that change the
winding number. These non-trivial field configurations lead to formation of the domain walls
in the three-dimensional physical space.
1. Introduction and Motivation
Recently, the inflationary models with several fields have become the subject of a growing
interest [1]. Many of these models involves complicated potentials, which arise in various
supersymmetric models [2], in the brane approach [3,4], and in the landscape paradigm [5,6]. The
inflation within the multi-field models has been thoroughly elaborated, its effect on fluctuations
of the cosmic microwave background was analyzed [7]. One of the important features of the
multi-field inflationary models is a potential with a number of minima [8]. A field-theoretical
system with a potential with many minima can possess topologically non-trivial scalar field
configurations — solitons [9]. Such configurations could form domains with extra energy density
or collapse into black holes after the end of the inflation. It is important that non-trivial field
configurations could be formed even if the potential of the model has only one minimum. In
this paper we study the conditions at which these solitons can be formed.
In this paper we consider a system of two real scalar fields, ϕ and χ. As we show, the
domain wall can be formed after the inflation even in the case of only one potential minimum.
It is demonstrated that non-trivial field configurations can appear if the fields tend to the same
minimum of the potential at different spatial asymptotics. At the same time, the existence
of a saddle point of the potential is necessary for this phenomenon to occur. We introduce
the topological classification, which allows us to divide non-trivial configurations into disjoint
(homotopic) classes labeled by winding number. We also find the conditions at which the winding
number can change, i.e. the configuration can move from one homotopic class to another. It is
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important to note that such transitions are not possible if the fields tend to different potential
minima at different spatial asymptotics. Only transitions due to quantum tunneling are possible
in this case [10].
The fields ϕ and χ live in the (3+1)-dimensional space-time. Nevertheless, we will study one-
dimensional configurations. Thus the multi-field inflationary models are connected with (1 + 1)-
dimensional field-theoretical models, where many important results have been obtained recently,
in particular, related to soliton interactions [11–19], soliton stability [20], bubble decay [21, 22],
and planar domain walls [23–28], see also book [9] and review [29].
2. The Model
Consider a model with two real scalar fields ϕ, χ in (3 + 1) space-time dimensions, with its
dynamics determined by the Lagrangian density
L = 1
2
gµν (∂µϕ∂νϕ+ ∂µχ∂νχ)− V (ϕ, χ), (1)
with the Minkowski metric tensor. The equations of motion following from the Lagrangian (1)
are 
ϕtt + 3Hϕt − ϕrr −
2
r
ϕr = −
∂V
∂ϕ
,
χtt + 3Hχt − χrr −
2
r
χr = −
∂V
∂χ
,
(2)
where H = a˙/a is the Hubble parameter, which is small after the end of the inflation. The
friction term ensures the dumping of long-period oscillations during the reheating stage. Let
we have a domain B, which is surrounded by the border ∂B. In this border, the fields are at
the saddle point (ϕs, χs) of the potential V (ϕ, χ). Below we demonstrate that a non-trivial field
configuration can be formed even in the case of the same vacuum state at both sides of the
border, i.e. inside and outside of the domain B.
Below we assume that the cosmological expansion is small, and we use the physical distances
R = a(t)r. Besides that, we study configurations of the type of planar domain walls, because
for an observer near the border ∂B the wall is almost flat. According to this, the equations (2)
become 
ϕtt + 3Hϕt − ϕxx = −∂V
∂ϕ
,
χtt + 3Hχt − χxx = −∂V
∂χ
.
(3)
For our numerical simulations we use the following potential V (ϕ, χ) with a saddle point:
V (ϕ, χ) = d (ϕ2 + χ2) + a exp [−b (ϕ− ϕ0)2 − c (χ− χ0)2], (4)
where a, b, c, d are positive parameters of the model, and the point (ϕ0, χ0) is the local maximum
of the potential (4). In our simulations we used the following values of the parameters: a = 5·102,
b = 1, c = 1, d = 1, ϕ0 = −5, χ0 = 0.
3. Topological classification and numerical simulations
We can split the set of all closed curves in the (ϕ, χ) plane into different equivalence classes
(homotopic classes). In the spirit of this splitting, the equivalent curves have the same winding
(or topological) number N , which is the number of turns of the curve around the local maximum
of the potential, i.e. around the point (ϕ0, χ0). Then we use the residue theorem in order to
obtain an explicit expression for N . According to this theorem, the line integral of some function
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Figure 1. The potential (4) with the initial field configuration (7), (8).
f(ζ) of the complex variable ζ = ϕ+ iχ around the closed curve in the (ϕ, χ) plane is equal to
the sum of residues of f(ζ) at isolated singular points (surely, each counted as many times as
the curve winds around the point) multiplied by 2pii. We take the function f(ζ) = 1ζ−ζ0 . After
some simple algebra, we obtain:
N [ϕ, χ] =
1
2pi
+∞∫
−∞
(ϕ− ϕ0)χx − (χ− χ0)ϕx
(ϕ− ϕ0)2 + (χ− χ0)2
dx. (5)
Thus we have split all closed curves in the (ϕ, χ) plane into homotopic (equivalence) classes,
depending on the number of windings of the curve around the local maximum of the potential
(ϕ0, χ0).
In our numerical simulations we start from an initial field configuration, which is a closed
loop in the (ϕ, χ) plane. According to this, the boundary conditions are
ϕ(−∞, t) = ϕ(+∞, t),
ϕx(−∞, t) = ϕx(+∞, t),
χ(−∞, t) = χ(+∞, t),
χx(−∞, t) = χx(+∞, t).
(6)
Consider the initial configuration, which encircles the potential maximum:{
ϕ(x) = ϕ0 +R cos θ(x),
χ(x) = χ0 +R sin θ(x),
(7)
where θ(x) is
θ(x) = Npi (1 + tanhx) . (8)
Here R > 0 is the radius of the circle, and 0 ≤ θ(x) ≤ 2piN at −∞ ≤ x ≤ +∞, see fig. 1.
4. Results
We studied the evolution of the initial configuration (7), (8) for winding numbers N = 1, 2, 3
numerically. At all these winding numbers we observed the tightening of the closed loop around
the potential maximum (ϕ0, χ0). This result means that a space trajectory connecting two
points inside and outside of the domain B necessarily goes through a domain wall or through a
series of domain walls, at N = 1 and at N ≥ 2, respectively, see fig. 2.
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Figure 2. Top: spatial distribution of the fields at t = 0 and at t → +∞ for the potential (4)
for various winding numbers N = 1, 2, 3. Bottom: the corresponding energy density ε of the
solitons as a function of the spatial coordinate x.
5. Conclusion
A finite height of the maximum allows the change of the homotopic class of a given field
configuration, along with the stepwise decrease of the winding number. The realisation of such
changes depends on the parameters of the potential and on those of the initial field configuration.
We have quantitatively confirmed these qualitative features of the transitions that change the
winding number.
Field configurations similar to those considered in this work could be formed during the
inflationary stage, and lead to strong inhomogeneities in the CMB radiation temperature
fluctuations.
This new type of solitons that has been studied in this paper may be also useful as a
mechanism of BHs with complex mass spectra production [30–33] and could be used for
solution of a number of cosmological and astrophysical problems, e.g., high-z quasars [34]
and supermassive black holes within galactic nuclei [31, 35–37], dark matter [32, 33, 38–42],
unidentified sources of gamma-radiation [43, 44], reionization [45–47], the suppression of
intermediate-mass black holes production [37,48].
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